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The analysis presented recently for the interacting boson gas is repeated for the interacting 
fermion gas. It is shown that quantum condensation does not occur in finite systems and even 
not if the thermodynamic limit is formed with respect to one or two space dimsnsions only. 

Q u a n t u m c o n d e n s a t i o n o f a n i n t e r a c t i n g f e r m i o n 
o r b o s o n g a s is f o r m u l a t e d w i t h t h e h e l p o f t h e 
m e t h o d o f t h e q u a s i - e x p e c t a t i o n v a l u e 1 . A c o n -
v e n i e n t v e r s i o n o f th i s m e t h o d w a s , f o r t h e b o s o n 
g a s , g i v e n r e c e n t l y b y t h e a u t h o r 2> 3 . I t is a d a p t e d 
t o t h e f e r m i o n case in S e c t i o n 1 o f t h e p r e s e n t p a p e r . 
T h i s m e t h o d l e a d s t o t h e i n t r o d u c t i o n o f n e w b u i l d -
i n g b l o c k s i n t o a d i a g r a m a t i c p e r t u r b a t i o n a n a l y s i s , 
^ h e n e w e l e m e n t s d i s a p p e a r a g a i n w h e n , in t h e e n d 
>f t h e c a l c u l a t i o n , q u a s i - e x p e c t a t i o n v a l u e s a re o b -

t a i n e d b y a l i m i t i n g p r o c e d u r e . B u t t h e y m a y sti l l 
l e a v e a t r a c e . T h i s is q u a n t u m c o n d e n s a t i o n . 

A s s h o w n in I , q u a n t u m c o n d e n s a t i o n o f t h e 
i n t e r a c t i n g b o s o n g a s c a n n o t o c c u r in a finite s y s -
t e m a n d e v e n n o t i f t h e t h e r m o d y n a m i c l i m i t is 
f o r m e d w i t h r e s p e c t t o o n e o r t w o s p a c e d i m e n s i o n s 
o n l y . T h e s e c o n s i d e r a t i o n s are , w i t h t h e s a m e re -
su l t s , r e p e a t e d f o r t h e f e r m i o n c a s e in S e c t i o n 2 t o 
4 o f t h e p r e s e n t p a p e r . 

Q u a n t u m c o n d e n s a t i o n o f t h e i n t e r a c t i n g f e r m i o n 
g a s e s s e n t i a l l y c o n s i s t s in t h e f o r m a t i o n o f a c o n -
d e n s a t e o f p a r t i c l e pa i r s . T h i s p h y s i c a l a s p e c t is o b -
s c u r e d i n t h e c o n v e n t i o n a l f o r m u l a t i o n o f t h e c o n -
d e n s a i o n p r o b l e m as g i v e n in S e c t i o n 1. T h e r e f o r e , 
a r e f o r m u l a t i o n is d e v e l o p e d in S e c t i o n 2 . T h e i n t e r -
a c t i o n b e t w e e n t w o p a r t i c l e s is e m p h a s i z e d in t h i s 
a l t e r n a t i v e f o r m u l a t i o n . I t is s u b s e q u e n t l y s h o w n 
in S e c t i o n 3 t h a t a c e r t a i n c lass o f d i a g r a m s , e s s e n -
t i a l l y r e p r e s e n t i n g t h e p r o p a g a t i o n o f t w o i n t e r -
a c t i n g p a r t i c l e s , w o u l d n o t e x i s t i f q u a n t u m c o n -
d e n s a t i o n o c c u r r e d in a finite s y s t e m . S i n c e t h e i r -
r e d u c i b l e s e l f - e n e r g y p a r t s are i m m e d i a t e l y d e r i v e d 
f r o m t h i s c lass o f d i a g r a m s , q u a n t u m c o n d e n s a t i o n 
o f t h e i n t e r a c t i n g f e r m i o n g a s c a n n o t o c c u r i n a 
finite s y s t e m . A s finally p o i n t e d o u t in S e c t i o n 4 , 
q u a n t u m c o n d e n s a t i o n d o e s still n o t o c c u r i f t h e 

t h e r m o d y n a m i c l i m i t is f o r m e d w i t h r e s p e c t t o o n e 
o r t w o s p a c e d i m e n s i o n s o n l y p r o v i d e d t h a t a c e r -
t a i n a s s u m p t i o n a b o u t t h e s p e c t r u m o f a n e i g e n -
v a l u e e q u a t i o n is t r u e . T h a t q u a n t u m c o n d e n s a t i o n 
o f t h e f e r m i o n g a s d o e s n o t o c c u r i n s t r i c t l y o n e o r 
t w o - d i m e n s i o n a l s y s t e m s ( w i t h n o s p a t i a l e x t e n s i o n 
i n o t h e r d i m e n s i o n s ) w a s s h o w n ear l ier b y HOHEN-
BERG 4 . 

A l l t h i s is q u i t e a n a l o g o u s t o t h e a n a l y s i s g i v e n 
a n d t h e r e s u l t s o b t a i n e d i n I . S o m e f o r m u l a e a re 
m o r e l e n g t h y a n d c o m p l i c a t e d in t h e p r e s e n t f e r -
m i o n c a s e . S o m e d e t a i l s wi l l , t h e r e f o r e , b e s u p p r e s -
s e d w h e n e v e r t h i s s e e m s a p p r o p r i a t e . E s p e c i a l l y in 
S e c t i o n 4 t h e d e t a i l l e d a r g u m e n t s w o u l d p r a c t i c a l l y 
b e t h e s a m e as in I . A l s o t h e s t a t e m e n t o n t h e p o s -
s ib le p h y s i c a l m e a n i n g o f t h e r e s u l t s g i v e n in t h e 
i n t r o d u c t i o n o f I c o u l d b e r e p e a t e d w o r d b y w o r d . 

O n e d i f f e r e n c e b e t w e e n t h e b o s o n a n d t h e f e r m i o n 
c a s e d e s e r v e s s p e c i a l m e n t i o n i n g . I n t h e b o s o n c a s e , 
t h e s i n g u l a r i t y p r e v e n t i n g q u a n t u m c o n d e n s a t i o n 
in a finite s y s t e m a p p e a r e d i n t h e o n e - p a r t i c l e p r o -
p a g a t o r . I t t u r n e d u p a l r e a d y i n a l o w o r d e r a p -
p r o x i m a t i o n , e . g . , t h e B o g o l j u b o v a p p r o x i m a t i o n . 
I n t h e f e r m i o n c a s e , t h e s i n g u l a r i t y o c c u r s p r i m a r i l y 
i n a n o b j e c t o f less d i r e c t p h y s i c a l m e a n i n g . 
T h o u g h t h e s i n g u l a r i t y is i n p r i n c i p l e a l s o n o t i c a b l e 
in t h e n o r m a l a n d a n o m a l o u s s e l f - e n e r g y p a r t , i t 
d o e s n o t t u r n u p as l o n g as t h e s e l f - e n e r g y p a r t s a re 
a p p r o x i m a t e d b y a finite n u m b e r o f s k e l e t o n 
g r a p h s . 

T h e s i n g u l a r i t y i n q u e s t i o n is d o u b t l e s s r e l a t e d 
t o e x c i t a t i o n s ( p a i r s t a t e s , c o l l e c t i v e e x c i t a t i o n s ) o f 
t h e q u a n t u m c o n d e n s a t e d f e r m i o n g a s . A r e e x a m i -
n a t i o n o f t h i s p r o b l e m sha l l , h o w e v e r , b e r e s e r v e d 
f o r a s e p a r a t e p u b l i c a t i o n . 
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1. Quasi-Expectation Value and Quantum Condensation 

T h e s y s t e m u n d e r d i s c u s s i o n is a g a s o f i d e n t i c a l s p i n - o n e - h a l f f e r m i o n s c o n t a i n e d in a finite v o l u m e . 
T h e p a r t i c l e a n n i h i l a t i o n a n d c r e a t i o n o p e r a t o r s a re d e n o t e d b y tp<x{r) a n d y £ ( r ) , r e s p e c t i v e l y , a is a s p i n 
s u b s c r i p t f o r w h i c h o c c a s i o n a l l y t h e e x p l i c i t s y m b o l s f ( u p ) a n d j ( d o w n ) wi l l b e u s e d . T h e a n n i h i l a t i o n a n d 
c r e a t i o n o p e r a t o r s s a t i s f y t h e c u s t o m a r y a n t i - c o m m u t a t i o n r e l a t i o n s a n d v a n i s h o n t h e sur face . F o r a l o ca l 
a n d sp in i n d e p e n d e n t i n t e r a c t i o n i t is 

H - [x N = J 2 [ 2 m g r a d (r) • g r a d V a t (r) - /x (r) (r) d 3 r 

+ HIKM Vß(r') v(r- r') ipß(r') ya(r) d* r d* r'. (1.1) 
a/? 

H e r e , H is t h e H a m i l t o n i a n o p e r a t o r a n d N t h e p a r t i c l e - n u m b e r o p e r a t o r , [x is t h e c h e m i c a l p o t e n t i a l 
a n d m t h e p a r t i c l e m a s s . v(r — r') is t h e i n t e r a c t i o n p o t e n t i a l . A l l s p a t i a l i n t e g r a l s are e x t e n d e d o v e r t h e 
v o l u m e o f t h e s y s t e m . 

T h e c o n c e p t o f t h e q u a s i - e x p e c t a t i o n v a l u e 2 - 3 is n o w i n t r o d u c e d b y a d d i n g t h e o p e r a t o r 

H = - U 2 Saß [Co (r, r') ( r ) xpß ( r ' ) + h . C . ] d 3 r d 3 r ' (1 .2 ) 
aß 

t o H — /Li N. e a / j is a s k e w - s y m m e t r i c q u a n t i t y w i t h 

e i T = + l . (1.3) 

I t is a c o n s e q u e n c e o f t h e a n t i - c o m m u t a t i o n r e l a t i o n s t h a t t h e c - n u m b e r f u n c t i o n £ o ( r , r ' ) m a y b e c h o s e n 
s y m m e t r i c w i t h r e s p e c t t o i ts a r g u m e n t s . T h e e x p r e s s i o n (1 .2 ) is a p p r o p r i a t e i f t h e c o n d e n s a t e cons i s t s o f 
s ing le t t pairs . Q u a s i - e x p e c t a t i o n v a l u e s are e x p e c t a t i o n v a l u e s f o r £ o ( r > r ' ) £ 0 in t h e l i m i t t o ( r > r ' ) - > 0 . 

T h e b u i l d i n g b l o c k s e n t e r i n g i n t o a d i a g r a m a t i c p e r t u r b a t i o n a n a l y s i s are s u m m a r i z e d in F i g u r e 1. T h e 
f r e e - p a r t i c l e p r o p a g a t o r , Go(r,r' ;iz), sat is f ies t h e d i f f e r e n t i a l e q u a t i o n 

- = G0( r,r'/iz) z 

- = -v(r-r') 

<-CH = "f'o(r.r') 

( - Yrr^ A ~ f" ~ iz) G° r'-,iz) = d(r- r') (1.4) 

a n d v a n i s h e s w h e n t h e first spat ia l a r g u m e n t is 
s i t u a t e d o n t h e s u r f a c e . 

> — < = + (r, r') A s imi lar f o r m u l a t i o n m a y b e a p p l i e d t o t h e b o -
. ü , , i r j - x u x- i s o n case . T h i s a l t e r n a t i v e t o t h e f o r m u l a t i o n pre -

Eig. 1. Building blocks ot a diagramatic perturbation anal- r 
ysis. s e n t e d in I is p o i n t e d o u t in A p p e n d i x 1. 

N o r m a l a n d a n o m a l o u s o n e - p a r t i c l e p r o p a g a t o r s , G(r,r' ;iz) a n d F(r,r';iz), a re n o w i n t r o d u c e d b y 

<«^>a {r, — ir)rp*(r', — ir')y = davj 2 G {r,r'; iz) exp [i z (r' — r)], 

< « r tpl (r, - i r) vv (r\ - i r')> = e a y j I F (r, r'; i z) e x p [i z (r' - r)]. (1.5) 

T h e e x p e c t a t i o n v a l u e s are f o r m e d w i t h r e s p e c t t o t h e g r a n d c a n o n i c a l e n s e m b l e d e t e r m i n e d b y 
H + H — /uN [ c f . E q s . (1 .1) a n d (1.2)]. T h e s a m e o p e r a t o r a l s o g o v e r n s t h e t i m e d e p e n d e n c e o f t h e a n -
n i h i l a t i o n a n d c r e a t i o n o p e r a t o r s . T h e v a r i a b l e s r a n d r ' a re r e s t r i c t e d t o t h e i n t e r v a l b e t w e e n z e r o a n d ß 
w h e r e ß is t h e i n v e r s e a b s o l u t e t e m p e r a t u r e w i t h B o l t z m a n n ' s c o n s t a n t p u t e q u a l t o o n e . is t h e t i m e 

r r1 _ , o r d e r i n g s y m b o l f o r i m a g i n a r y t i m e s . T h e z s u m m a -
r ' r ' ' Z t i o n is e x t e n d e d o v e r all o d d m u l t i p l e s o f n/ß. G r a -

• > < • = F ( r , r ' j i z ) p h i c a l s y m b o l s c o r r e s p o n d i n g t o n o r m a l a n d a n o -
, . _ - F » ( r r ' . j Z ) m a l o u s p r o p a g a t o r s are s h o w n in F i g u r e 2 . T h e y 

Fig. 2. One-particle propagators. a r e b u d d i n g b l o c k s o f s k e l e t o n g r a p h s . 



Q U A N T U M C O N D E N S A T I O N , T H E R M O D Y N A M I C L I M I T , A N D D I M E N S I O N A L I T Y 

T h e p r o p a g a t o r s s a t i s f y G o r k o v ' s e q u a t i o n s 5 

(1.6) 

— E i s t h e n o r m a l i r r e d u c i b l e s e l f - e n e r g y p a r t ( i . e . t h e s u m o v e r a l l i r r e d u c i b l e s e l f - e n e r g y g r a p h s w i t h o n e 
i n g o i n g a n d o n e o u t g o i n g p a r t i c l e l ine ) . — A is t h e c o r r e s p o n d i n g a n o m a l o u s i r r e d u c i b l e s e l f - e n e r g y p a r t . 
T h e r e v e r s a l o f a r r o w s i n t h e a n o m a l o u s s e l f - e n e r g y p a r t is a c o n s e q u e n c e o f t h e i n t r o d u c t i o n o f t h e o p -
e r a t o r ( 1 . 2 ) . 

E q u a t i o n s ( 1 . 6 ) m a y b e t r a n s l a t e d i n t o a s y s t e m o f i n t e g r a l e q u a t i o n s . I f , f u r t h e r m o r e , u s e is m a d e o f 
E q . ( 1 . 4 ) , G o r k o v ' s e q u a t i o n s a s s u m e t h e f o r m 

( - - ^ A - j U - i z ) G (R, r';iz) + J [E(r, r"-iz) G(r",r';iz) 

+ A (r,r";iz) F (r", r'; i z)] d V = Ö (r - r'), 

( 1 . 7 ) A - ti + i zj F (r, r'; i z) + J [ - A * (r, r " ; iz) G (r", r'; i z) 

+ 2* (r,r"-,iz)F (r", r'; i z)] d3r" = 0. 

T h e s e i n t e g r o - d i f f e r e n t i a l e q u a t i o n s a r e s u p p l e m e n t e d b y a b o u n d a r y c o n d i t i o n : t h e p r o p a g a t o r s v a n i s h 
w h e n t h e first s p a t i a l a r g u m e n t is s i t u a t e d o n t h e s u r f a c e . I n E q . ( 1 . 7 ) a n d e l s e w h e r e , t h e a s t e r i s k d e n o t e s 
c o m p l e x c o n j u g a t i o n . 

T h e i r r e d u c i b l e se l f e n e r g y p a r t s m a y b e r e p r e - I +r< 
s e n t e d b y s k e l e t o n g r a p h s . I f o n l y t h e first t e r m s | ~ r 

o f t h e i n f i n i t e ser ieses a r e d r a w n e x p l i c i t l y , w e 
o b t a i n 

/ ' \ 

(1.8) 

• f - * " - » = O 

T h e e q u a t i o n f o r t h e a n o m a l o u s s e l f - e n e r g y p a r t , — A (r,r' ;iz), c o n t a i n s t h e f u n c t i o n — £ o ( r > r ' ) a s a n 
i n h o m o g e n e i t y . 

T h e p r o b l e m o f q u a n t u m c o n d e n s a t i o n m a y n o w b e f o r m u l a t e d i n t h e f o l l o w i n g w a y : d o e s t h e r e e x i s t 
a c o m m o n s o l u t i o n o f t h e E q s . (1 .7 ) a n d ( 1 . 8 ) w i t h t h e a n o m a l o u s p r o p a g a t o r a n d t h e a n o m a l o u s se l f -
e n e r g y p a r t n o t v a n i s h i n g i d e n t i c a l l y e v e n f o r £o (r , r ' ) —> 0 ? T h i s f o r m u l a t i o n i s v e r y c o n v e n i e n t f o r 
p r a c t i c a l c a l c u l a t i o n s . I t is , h o w e v e r , n o t s u i t a b l e f o r a n s w e r i n g t h e q u e s t i o n s t o b e s t u d i e d i n t h i s p a p e r . 
T h e r e a s o n is t h a t p h y s i c s o f q u a n t u m c o n d e n s a t i o n o f a n i n t e r a c t i n g f e r m i o n g a s , i . e . , t h e f o r m a t i o n o f 
a c o n d e n s a t e o f p a i r s , is n o t e x h i b i t e d i n t h e a b o v e s e l f - e n e r g y - l i k e f o r m u l a t i o n . T h e r e f o r e , a n a l t e r n a t i v e 
f o r m u l a t i o n w i l l b e d e v e l o p e d in t h e s u b s e q u e n t s e c t i o n . 

2. Alternative Formulation: Interacting Particles 

T h e s e c o n d E q . ( 1 . 8 ) m a y a l s o b e d r a w n i n t h e f o r m 

t x 
-A T> * -r' (2.1) 

w h e r e — JH a n d — 7~" d e n o t e i r r e d u c i b l e p a r t i c l e - p a r t i c l e i n t e r a c t i o n s . S o m e c o n t r i b u t i o n s t o — r a r e 
s h o w n i n F i g u r e 3 a . T h e d i a g r a m g i v e n i n F i g u r e 3 b is n o t i r r e d u c i b l e b u t is a r e p e t i t i o n o f a d i a g r a m 



shown in Figure 3a. No diagrams with erossing particle lines (Figure 3c) or with returning particle lines 
(Figure 3d) are admitted to the set — T. Similar statements hold for — T ' . 

<-t—< <r\< <f -< 
Fig. 3. a) Contributions to the irreducible particle-particle 
interaction-/^. The diagrams b) to d) are excluded because 
they are either reducible or contain crossing or returning 

particle lines. 

The proof of Eq. (2.1) is based upon the following simple observation. In the particle line connecting the 
two open ends of any contribution to — A, the number of F* pieces always exceeds by one, the number 
of F pieces. E.g., it is 

o = 
But in contributions to — 27, the numbers of F* pieces 
and of F pieces are always equal. Consequently it is 
where the boxes again stand for irreducible interactions. Equation (2.2) will be used in Section 3. 

Applying the rules for the translation of graphs we obtain 

A (r, r ' ; » z) = Co (r, r') - j 2 J [(r, r'-iz | i z"; r"\ r" ) F* (r", r ' " ; i z") 

+ (r, r'-iz\r\ iz" ; r ' " , r") F (r", r'"; i z")} d V d V " 

(2.2) 

(2.3) 

from Equation (2.1). Both Eq. (2.1) and Eq. (2.3) exhibit the role of the interaction between particles for 
the phenomenon of quantum condensation of the fermion gas. But these equations are not yet in a form 
suitable for our analvsis. 

Use has also to be made of the relations which 
are a consequence of Gorkov's Eq. (1.6) or (1.7). 
An explicit proof is given in Appendix 2. The 
first Eq. (2.4) is translated in the following way 

-A 

+ A* 
( 2 . 4 ) 

o = 

F* (r, r'-iz) = J [Cr (r, r" \iz) A (r", r'"; iz) G* (r '" , r' ;i z) 
+ F* (r, r " ; iz) A * (r", r'" ; iz) F* (r'", r'; i 2)] d 3 r" d V " 

= J[G(r, r" -,i z) G (r' r'"; — iz) A (r", r'" ;i z) 
+ F* (r, r " ; i z) F* (r\ r ' " :-iz)A* (r", r ' " ; i 2)] d 3 r" d V " . 

After the second equality sign use has been made of s}rmmetry properties of the propagators, 
G (r' ,r"'; — iz) = G* (r'", r';iz),F (r', r'"; — iz) = F (r '", r ' ; iz). 

(2.5) 

(2.6) 



T h e r e m a i n i n g t h r e e l i n e s o f E q . ( 2 . 4 ) m a y b e t r a n s l a t e d i n a s i m i l a r w a y . W h e n , f i n a l l y , G o r k o v ' s 
E q . ( 1 . 7 ) a n d t h e i r c o m p l e x c o n j u g a t e s a r e a p p l i e d , t h e r e s u l t is 

~2m ^ — M — iz) d (r r") + 27 (r, r " ; iz) 
1 

/ I K -
- A' - FI + iz) Ö (r' - r"') + 27 (r', r ' " ; iz) F*(r",r'";iz) ( 2 . 7 ) 

+ A (r, r" ;iz) A (r', r'"; — iz)F(r", r'"; iz)} d 3 r "d 3 r ' " = A (r, r';iz) . 

H e r e , A' d e n o t e s t h e L a p l a c i a n w i t h r e s p e c t t o r ' . 

A c o m b i n a t i o n o f E q s . ( 2 . 3 ) a n d ( 2 . 7 ) l e a d s t o a n i n t e g r o - d i f f e r e n t i a l e q u a t i o n f o r t h e a n o m a l o u s p r o p a -
g a t o r a n d i t s c o m p l e x c o n j u g a t e . T h e s o m e w h a t l e n g t h y e q u a t i o n is , a p a r t f r o m t h e i n h o m o g e n e i t y , e s -
s e n t i a l l y o f t h e B e t h e - S a l p e t e r t y p e 6 . T h i s r e s u l t i n g e q u a t i o n is , i n t h e f e r m i o n c a s e , t h e c l o s e s t a n a l o g u e 
t o E q . ( 1 . 1 . 1 4 ) i n t h e b o s o n c a s e [ c f . , a l s o , E q . ( A 1 . 3 ) i n A p p e n d i x 1 ] . W e d o n o t p r o p o s e t o s t a r t a c t u a l 
c a l c u l a t i o n s f r o m E q s . ( 2 . 3 ) a n d ( 2 . 7 ) . B u t t h e s e e q u a t i o n s f o r m t h e b a s i s o f o u r f u r t h e r a r g u i n g . 

NOTE ADDED IN PROOF: W . MOOMANN kindly po inted out to the author that esseetially the s e m e formulat ion was given 
earlier in the last chapter o f a book b y NOZIERES8. 

3. Propagation of Interacting Particles 

W e c o n s i d e r t h e p r o p a g a t i o n o f t w o p a r t i c l e s w i t h o u t o r w i t h i n t e r a c t i o n b e t w e e n t h e m . A f e w e x a m p l e s 
a r e g i v e n i n F i g u r e 4 a . D i a g r a m s w i t h c r o s s i n g p a r t i c l e l i n e s ( F i g u r e 4 b ) o r w i t h r e t u r n i n g p a r t i c l e l i n e s 
( F i g u r e 4 c ) a r e e x c l u d e d f r o m t h e c o n s i d e r a t i o n s . T h e s u m o f a l l a d m i t t e d d i a g r a m s is d e n o t e d b y 
(r , r';iz; k | R \ l\ iz"; r ' " , r " ) w h e r e m o s t s y m b o l s find t h e i r e x p l a n a t i o n i n F i g u r e 5 . T h e l e t t e r s k a n d / 

< - Fig . 4. a) Contr ibut ions t o R ( for ingoing arrows o n the 
w - . / .< > .1. right and outgo ing arrows o n the left side). T h e d iagrams 

b) (with crossing partic le lines) and c) (with returning par-
^ ^ . . j - - - t i d e lines) are n o t t o be inc luded. 

a) 
r r 
r' r" 

z' 

1 = 
3 = 

2 -
4 = 

T a b l e 1. 

Fig . 5. Labels entering into the definit ion o f matr ix ele-
ments o f R. 

d e n o t e t h e d i r e c t i o n o f a r r o w s o n t h e l e f t a n d r i g h t e n d . T h e k e y i s 
g i v e n i n T a b l e 1. I t is e x p l i c i t l y a s s u m e d t h a t t h e t o t a l f l o w f r o m 
r i g h t t o l e f t , o f t h e v a r i a b l e z, i s e q u a l t o z e r o . 

T h e m a t r i x R o b e y s a n i n h o m o g e n e o u s i n t e g r a l e q u a t i o n w h o s e k e r n e l is e s s e n t i a l l y g i v e n b y i r r e d u c i b l e 
p a r t i c l e - p a r t i c l e i n t e r a c t i o n s ( c f . F i g u r e 3 a ) . I t i s c o n v e n i e n t t o r e m o v e t h e p a r t i c l e l i n e s o n t h e l e f t s i d e 
o f R w i t h t h e h e l p o f G o r k o v ' s E q u a t i o n s ( 1 . 7 ) . T h i s p r o c e d u r e i s s i m i l a r t o t h e t r a n s i t i o n f r o m E q . ( 2 . 5 ) 
( a n d f r o m s i m i l a r e q u a t i o n s n o t w r i t t e n d o w n e x p l i c i t l y ) t o E q . ( 2 . 7 ) . I n t h i s w a y a n i n t e g r o - d i f f e r e n t i a l 
e q u a t i o n i s o b t a i n e d w h i c h , i n a m a t r i x n o t a t i o n , m a y b e w r i t t e n a s 

{Q + T)R = I. ( 3 . 1 ) 

T h e s y m b o l I o n t h e r i g h t h a n d s i d e s t a n d s f o r t h e u n i t m a t r i x w i t h m a t r i x e l e m e n t s 

(r, r';iz;k\I\l;iz"; r'", r") = d(r- r") d (r' - r'") ß dzz~ dkt . (3.2) 

T h e m a t r i x Q s t e m s f r o m t h e a p p l i c a t i o n o f G o r k o v ' s e q u a t i o n s . I n s t e a d o f a c o m p l e t e c o m p i l a t i o n w e 

o n l y g i v e a f e w e x a m p l e s , 

(r, r'; iz; 1 | Q \ 1; iz"; r"\ r") = [ ( - A - p - iz) Ö (r - r") + 27(r, r " ; i z) 
1 

2 M 

(r, r'; iz; 2 \Q \ \\iz" \ r'", r") = 1 1 

-^-A'-ju+iz ö(r'~ r'") + S (r', r ' " -,-iz) ßö 

2mA-ju-izjö(r-r") + 27 (r, r " ; iz)] 
[— A* (r", r'"; — iz)] ß bZZ" • 



B e c a u s e o f t h e d i f f e r e n t a t i o n s i n t r o d u c e d b y Q , b o u n d a r y c o n d i t i o n s are r e q u i r e d : t h e m a t r i x e l e m e n t s 
o f R v a n i s h w h e n a t l eas t o n e o f t h e l e f t spat ia l a r g u m e n t s is s i t u a t e d o n t h e s u r f a c e . — r is t h e i r r e d u c i b l e 
p a r t i c l e - p a r t i c l e i n t e r a c t i o n . E x a m p l e s are g i v e n b y 

(r, r' ;iz;l | i"* | l;iz"; r'", r") = {r,r';iz \T\iz" ;r"',r"), 
(r, r';iz;i \ r\ 2; iz"] r'", r") = (r, r';iz\ T'\ iz"; r'", r"), 

w h e r e t h e m a t r i x e l e m e n t s o n t h e r i g h t h a n d s ide are t h o s e a p p e a r i n g in E q u a t i o n (2 .3 ) . T h e m a t r i x p r o -
d u c t in E q . (3 .1 ) is d o n e b y a n i n t e g r a t i o n o f t h e t w o spat ia l a r g u m e n t s o v e r t h e v o l u m e o f t h e s y s t e m , 
m u l t i p l i c a t i o n b y ß a n d s u m m a t i o n o f t h e v a r i a b l e z o v e r all o d d m u l t i p l e s o f yz/ß, a n d s u m m a t i o n o f 
o f t h e v a r i a b l e k ( c f . T a b l e 1) f r o m 1 t o 4 . T h e m a t r i x I g i v e n in E q . (3 .2 ) is t h e u n i t m a t r i x w i t h r e s p e c t 
t o e x a c t l y th i s m u l t i p l i c a t i o n . 

T h e m a i n resu l t o f S e c t i o n 2 m a y n o w b e s u m m a r i z e d b y s t a t i n g t h a t i t is 

{Q + r)u0 = 0 ( 3 .3 ) 
w i t h 

uQ(r, r';iz; 1) = u0 (r, r'; iz; 4) = Jf F (r, r ' ; iz), u0{r, r'; iz; 2) = u0(r, r'; iz; 3) = 0 . (3.4) 

J f is a n a p p r o p r i a t e n o r m a l i z a t i o n f a c t o r w h i c h wi l l b e o f r e l e v a n c e o n l y i n S e c t i o n 4 . T h e b o u n d a r y c o n -
d i t i o n sat i s f i ed b y uo{r,r' ;iz;k) is a g a i n t h e u s u a l o n e . S t r i c t l y s p e a k i n g , a l s o E q . (2 .2 ) , t o g e t h e r w i t h t h e 
c o m p l e x c o n j u g a t e o f t h i s a n d a f e w o t h e r e q u a t i o n s , w a s u s e d f o r t h e d e r i v a t i o n o f E q u a t i o n (3 .3 ) . 

N o d i r e c t c o n c l u s i o n m a y b e d r a w n f r o m a c o m p a r i s o n o f E q s . (3 .3 ) a n d (3 .1 ) s i n c e Q + r is n o t a 

H e r m i t i a n m a t r i x . I n o r d e r t o p r o d u c e a H e r m i t i a n m a t r i x w e de f ine a m a t r i x , IJ , b y i t s m a t r i x e l e m e n t s 

( r , r';iz;k\n\ l;iz"; r " \ r") = ekd ( r - r") 6 ( r ' - r'") ß <5Z_2- dki. (3 .5) 

H e r e , t h e f a c t o r e k is d e f i n e d b y 
£1 = — £2 = — £3 = £4 = + 1 • ( 3 . 6 ) 

N o w i t c a n b e s h o w n t h a t t h e m a t r i x o p e r a t o r I 7 ( Q - \ ~ r ) is i n d e e d H e r m i t i a n . E q s . ( 3 . 1 ) a n d (3 .3) m a y 
b e w r i t t e n as 

r r { Q + r ) R = n , (3 .7 ) 

IT{Q + r)u0 = 0 . (3 .8 ) 

S i n c e n o w t h e m a t r i x is H e r m i t i a n w e m a y c o n c l u d e t h a t E q . (3 .7) o r (3 .1 ) a d m i t s a s o l u t i o n 
(r, r';iz; k | R | I; iz"; r'", r") f o r a finite s y s t e m o n l y f o r I = 2 o r 3 o r f o r s u c h v a l u e s o f r", r'", a n d z" f o r 
w h i c h i t is 

F ( r " , r'"; — iz") = 0 . ( 3 .9 ) 

T h e g e n e r a l s o l u t i o n d o e s , h o w e v e r , n o t e x i s t . 
N o r m a l a n d a n o m a l o u s s e l f - e n e r g y p a r t s m a y b e c a l c u l a t e d f r o m R i n a s t r a i g h t f o r w a r d m a n n e r . T h e 

p r o o f o f t h i s a s s e r t i o n is p o s t p o n e d t o A p p e n d i x 3 in o r d e r n o t t o i n t e r r u p t t h e flow o f a r g u m e n t s . T h e 
s e l f - e n e r g y p a r t s d o n o t e x i s t i f R d o e s n o t e x i s t . C o n s e q u e n t l y , a l so n o r m a l a n d a n o m a l o u s o n e - p a r t i c l e 
p r o p a g a t o r d o n o t e x i s t in th i s case . W e c o n c l u d e t h a t q u a n t u m c o n d e n s a t i o n o f t h e i n t e r a c t i n g f e r m i o n 
g a s d o e s n o t o c c u r in a finite s y s t e m . O n l y i f t h e t h e r m o d y n a m i c l imi t is d o n e p r i o r t o t h e l i m i t Co ( r , r') -> -0 . 
q u a n t u m c o n d e n s a t i o n c o u l d p o s s i b l y o c c u r . 

4. Thermodynamic Limit and Dimensionality 

L e t t h e v o l u m e o f t h e s y s t e m still b e finite. T h e n a c o m p l e t e o r t h o n o r m a l s e t o f f u n c t i o n s , 
un (r , r' ;iz; k), m a y b e d e f i n e d b y t h e H e r m i t i a n e i g e n v a l u e e q u a t i o n 

77 (Q + D UN = Xn UN ( 4 . 1 ) 

t o g e t h e r w i t h t h e u s u a l b o u n d a r y c o n d i t i o n . A spec ia l s o l u t i o n , w i t h Ao = 0 , w a s a l r e a d y p r e s e n t e d in 
E q u a t i o n (3 .4 ) . F o r a p p r o p r i a t e n o r m a l i z a t i o n o f t h e e i g e n f u n c t i o n s , t h e c o m p l e t e n e s s r e l a t i o n is g i v e n b y 

2 un ( r , r ' ; i z; k) u'n ( r " , r ' " ; i z"; I) = (r, r'; i z; k \ I \ I; i z" ; r " \ r " ) , (4 .2 ) 
n 



w h e r e t h e r i g h t h a n d s i d e w a s d e f i n e d in E q . (3 .2 ) . W i t h t h e h e l p o f E q s . ( 4 .1 ) a n d (4 .2 ) t h e s o l u t i o n 

( r , r ' ; i z; k | R \ I; iz"; r ' " , r " ) = et £ K1 un ( r , r ' ; iz; k) < ( r " , r ' " ; - iz"; I) ( 4 .3 ) 
n 

o f E q . ( 3 .7 ) m a y b e d e r i v e d . T h e n o n - e x i s t e n c e o f R is a d i r e c t c o n s e q u e n c e o f Ao = 0 . Ao m a y o n l y b e 
d i f f e r e n t f r o m z e r o a s l o n g a s t h e l i m i t Co ( r> r ' ) - > 0 h a s n o t y e t b e e n m a d e . 

T h e t h e r m o d y n a m i c l i m i t shal l a g a i n (as in I f o r t h e b o s o n c a s e ) first b e f o r m e d w i t h r e s p e c t t o o n e 
s p a c e d i m e n s i o n . T h e g e o m e t r y is t h e s a m e as in I , F i g u r e 3 . T h e e i g e n f u n c t i o n s a re p o s t u l a t e d t o v a n i s h 
o n t h e c y l i n d e r m a n t l e a n d t o b e p e r i o d i c o n t h e p l a n e s u r f a c e s p e r p e n d i c u l a r t o t h e c y l i n d e r a x i s . F i n a l l y 
t h e l e n g t h , L, o f t h e a x i s g o e s t o i n f i n i t y . I n o r d e r t o a v o i d c o n f u s i o n s w i t h t h e d i s c r e t e v a r i a b l e z , t h e 
C a r t e s i a n c o o r d i n a t e s sha l l b e d e n o t e d b y rj, a n d r e s p e c t i v e l y . 

A n e x p o n e n t i a l £ d e p e n d e n c e o f t h e c e n t r e - o f - m a s s c o o r d i n a t e m a y b e sp l i t o f f f r o m t h e e i g e n f u n c t i o n s un. 
T h e r e f o r e , w e r e p l a c e 

un(r,r';iz;k)^ unP rj, f ' , rj', C - C') exp [i P (C + C') / 2 ] , (4.4) 

w h e r e P is t h e £ c o m p o n e n t o f t h e t o t a l m o m e n t u m . T h e p e r i o d i c b o u n d a r y c o n d i t i o n s s e l e c t d i s c r e t e 
v a l u e s o f P. A l s o t h e first f a c t o r o n t h e r i g h t h a n d s ide o f E q . ( 4 .4 ) sat is f ies a p e r i o d i c b o u n d a r y c o n d i t i o n , 

UnP (£, rj, r , Tj', £ - ? + L)= unP (£, rj, , (4 .5 ) 

E q u a t i o n (4 .1 ) b e c o m e s a n i n t e g r o - d i f f e r e n t i a l e q u a t i o n f o r unp w h i c h sha l l n o t b e w r i t t e n d o w n . F o r 
Co ( r> t h e f o l l o w i n g s t a t e m e n t s c o n c e r n i n g t h e e i g e n v a l u e s X n p c a n b e m a d e . I t is 

Aoo = 0 ( 4 . 6 ) 

a n d A 0 p = O ( P 2 ) f o r p _ > o . ( 4 .7 ) 

I t is n o w e x p l i c i t l y a s s u m e d t h a t t h e r e a re n o n e i g h b o u r i n g e i g e n v a l u e s t o Aop s o t h a t t h i s e i g e n v a l u e 
d o e s n o t m e r g e i n t o a c o n t i n u u m f o r L - > o o . F o r n — 0 t h e P s u m m a t i o n i n E q . ( 4 . 3 ) is r e p l a c e d b y a n 
i n t e g r a t i o n i n t h e l i m i t L - > o o . T h i s i n t e g r a l d o e s , h o w e v e r , n o t c o n v e r g e as a c o n s e q u e n c e o f E q u a t i o n 
( 4 . 7 ) . I t d o e s a l s o n o t c o n v e r g e i f t h e t h e r m o d y n a m i c l i m i t is f o r m e d w i t h r e s p e c t t o t w o s p a c e d i m e n s i o n s . 
B u t t h e P i n t e g r a l m a y c o n v e r g e i f t h e t h e r m o - d y n a m i c l i m i t is f o r m e d w i t h r e s p e c t t o all t h r e e s p a c e 
d i m e n s i o n s . 

T h e a b o v e a s s u m p t i o n o n t h e b e h a v i o u r o f t h e s p e c t r u m Xnp in t h e l i m i t L —> oo s e e m s p l a u s i b l e t o t h e 
a u t h o r . I t sha l l b e d i s c u s s e d i n d e t a i l a t a l a ter o c c a s i o n . B u t a r i g o r o u s p r o o f c a n n o t b e p r e s e n t e d . 

T h a t q u a n t u m c o n d e n s a t i o n o f t h e i n t e r a c t i n g f e r m i o n g a s d o e s n o t o c c u r in s t r i c t l y o n e a n d t w o -
d i m e n s i o n a l s y s t e m s w a s s h o w n ear l ier b y HOHENBERG 4 . 

Discussions on the subject with members o f the Institute are gratefully acknowledged. 

Appendix 1. Boson Case Reconsidered 

A n a l t e r n a t i v e f o r m u l a t i o n o f t h e m e t h o d o f t h e q u a s i - e x p e c t a t i o n v a l u e is o b t a i n e d i f E q . (1 .1 .2 ) is 
r e p l a c e d b y 

H = - JKS(r) V (r) + y*(r )Co (r ) ]d»r . ( A l . l ) 

T h e n e w b u i l d i n g b l o c k s o f a d i a g r a m a t i c p e r t u r b a t i o n a n a l y s i s a r e s h o w n i n F i g u r e 6 a . T h e s m a l l c i r c l e s 
a re a l w a y s c o n n e c t e d t o Go l ines . T h e r e f o r e , t h e s t u m p s o f I a r e i n t r o d u c e d i f w e p u t 

J ( ? 0 ( r , r ' ; 0 ) C o ( r ' ) d 3 r ' = ! ( r ) . ( A 1 . 2 ) « - Q = foW 
a) r 

T h i s is s h o w n g r a p h i c a l l y i n F i g u r e 6 b . E q . (1 .1 .14 ) > — T ^ ) = $o(r) 
i s r e p l a c e d b y 

[ - ^ A - ^ i r ) - ^ j Z (r, r ' ; 0) £ (r') d3r' = Co (r). 
b) = 

Fig. 6. a) Building blocks in the alternative formulation o f 
( A 1 .3) the boson condensation problem, b) Introduction o f stumps. 



We use this occasion to point out that Eq. (A 1.3) may be used for an analytic continuation in /x from 
negative values to positive ones as required in connection with quantum condensation. The procedure of 
adding a small imaginary part to /x which was proposed earlier2 is not correct. 

Appendix 2. Proof of Eqs. (2.4) 

These equations are an immediate consequence of Gorkov's equations. An analytic proof may be based 
upon Eq. (1.7). Here we present a diagramatic proof. 

The following two relation are readily obtained from the first Eq. (1.6), 

(A2.1) 

The boxes represent irreducible self-energy parts. Whether an individual self-energy part is to be labeled 
by — Z, — A, — Z*, or -\-A* follows unambiguously from the directions of neighbouring arrows. When 
the second Eq. (1.6) is reformulated as 

also the relations 

(A2.2) 

(A 2.3) 

are derived. If, finally, the two Eqs. (A2.1) are added and the two Eqs. (A2.3) subtracted, and if use is 
also made of Eq. (A2.2), the second Eq. (2.4) is obtained. The other three equations are derived in an 
analogous manner. 

Appendix 3. Particle-Particle Interaction and Self-Energy Parts 

The normal and anomalous self-energy part may be derived from the matrix R introduced in Section 3. 
The normal self-energy part is given by 

(A3.1) 

A similar equations holds for the anomalous self-energy part. The boxes in Eq. (A3.1) essentially represent 
the matrix R. The upper right particle line has, however, been extracted with the help of Gorkov's equa-
tions. The other three particle lines are exhibited. 

Eq. (A3.1) is derived by collecting all self-energy skeleton graphs with two or more interaction lines. 
The 'last' interaction may be an interaction with a closed loop (third term on the righthand side) or with 
the particle line itself (fourth term). 

Eq. (A3.1) can only be evaluated if all matrix elements of R exist. Otherwise, also the self-energy parts 
do not exist. 
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The Ground State Energy of the Hubbard Model in Hubbard's Approximation 
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W e have calculated the ground state energy of the Hubbard model in the approximation of 
Hubbard's first paper x. For the neutral model with nearest neighbour interaction the energy re-
sulting from the selfconsistent paramagnetic solution is compared with those ones fol lowing from 
the (ferromagnetic) Hartree-Fock and an (antiferromagnetic) single particle theory. The energy 
of the latter one turns out to be the best approximation of the true ground state energy of the 
model for all values of the coupl ing constant V0 , but the energy derived from Hubbard 's approxi-
mation, in spite of the absence of magnetic ordering, is a reasonable approximation at least for 
sufficiently large values of F 0 . 

1. Introduction 

During the last years the Hubbard model1 of elec-
tron interactions in narrow energy bands has been 
the object of detailed investigations both with re-
spect to its magnetic and its conductivity properties. 

This model is stated by the Hamiltonian 
y 

H = 2 Tjk Cja cko+ 2 nio nj,-a (1) 
j,k,a Z j,a 

where Cja generates an electron of spin o in a Wan-
nier state centred at the lattice site j, nja = cja Cja, Tjk 
is the hopping constant for electron transitions from 
the site j to k and V0 is the matrix element of the 
Coulomb repulsion, which electrons of opposite spin 
feel, when they are brought together to the same 
lattice site. 

Hubbard himself in a series of papers 2 not only 
discusses the usual Hartree-Fock (HF) approach to 
this Hamiltonian (1) but also takes into account 
correlations between the electrons by introducing 
different decouplings of quantum statistical Greens 
functions. In his first paper * he uses a decoupling 

Reprint requests to Dr. R. J. JELITTO, Institut für Theoreti-
sche Physik der Universität Kiel, D-2300 Kiel 1, Olshausen-
straße 4 0 - 6 0 . 

* This paper will be hereafter referred to as H I. 

which gives interesting results for the band-splitting 
but does not yield a selfconsistent solution for ferro-
magnetism for reasonable shapes of the density of 
states of the free electrons, whereas, on the other 
hand the HF approach yields ferromagnetism for 
sufficiently strong coupling V0 . Later on a single 
particle (SP) approach3'4 to the Hamiltonian (1) 
was set up allowing for antiferromagnetic ordering 
of the electron-spins, which for the neutral model 
(i .e. number of electrons Ne = number of lattice 
sites N) led to the prediction of antiferromagnetism 
for all values of F 0 > 0 . This theory may be deduced 
from a variational principle 3' 5, such giving an up-
per bound for the true groundstate energy of the 
problem and may be shown to yield a much better 
approximation to the groundstate energy than the 
HF approach does. 

Recently this approach was extended to an in-
vestigation of the stability of antiferromagnetism 
versus ferromagnetism5 with the result that (at 
least) for the neutral Hubbard model with nearest 
neighbour interactions the antiferromagnetic phase 
is stable for all values of the coupling V0 . 

Contrary to these theories the decoupling of H I 
goes beyond a single particle approach and takes 
into account correlations between the band electrons. 


